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Lecture 5: Martingales + Online Learning
Lecturer: Jacob Abernethy Scribes: Zaiwei Chen, Junghyun Kim

Disclaimer: These notes have not been subjected to the usual scrutiny reserved for formal publications.

5.1 Martingales

In this section, we will introduce the concept of martingales and prove Azuma’s Inequality.

Definition 5.1 (Martingale) A sequence of random wvariables Zy, Z1, ..., Zn, ... is called a martingale
sequence if for allm € N

(i) E|Z,]] < .
(11,) E[Zn+1|ZQ,Z17...7Zn} = Zn

The followings are three examples of martingale.
Example 1 (Linear martingale) Let {X;};>0 be a sequence of i.i.d random variables with E[X;] = 0,
Vi >0, then Z, = >_"" , X, is a martingale.

(i) In measure theory, E[X;] is well defined only if E[|X;]] is finite. So we have E[|Z,|] <E[>." , |X;:|] < oo,
Vn > 0.

(i) E[Zns1|Z0, Z1s s Zn) = B[Z0 + Xns1|Z0s Z1, ooy Zn) = Zpp + B[ Xps1] = Zn.

Example 2 (Quadratic martingale) Let { X;};>0 be a sequence of i.i.d random variables with E[X;] = 0
and 0% = var(X;) < oo, in this case Z, = S2 — no? is a martingale (S, = Y., X;).

(i) E[|S? — no?|] < E[S?] + no? = var(S,) + E?[S,] + no? = nvar(X;) + (nE[X;])? + no? = 2no? < oco.
(ii) Since E[S2|S, S, ..., Sn] = S2 and E[S, X,,1+1|51, 52, .., Sn] = SnE[X,11] = 0, we have
E[S2,, — (n+ 1)02|S1, Sa, ..., Sn] = E[S2 + 25, X, 11 + X2, |51, S, ..., Su] — (n+ 1)0
=Sy +E[X7 ] — (n+1)o?
= 82 — no?
Example 3 (Exponential martingale) Let {Xi}iZO be a sequence of i.i.d nonnegative random variables
with E[X;] = 1. Then Z,, = I ,X; defines a martingale.
(1) Bl|Zal] = T2 E[X;) = 1 < +o0.
(i) E[Zn+11Z0, 21, ..y Zp) = NP o XWE[ X q1] = Zp,.

The next theorem gives a concentration result for the values of martingales that have bounded differences.

Theorem 5.2 (Azuma’s Inequality) Let Zy = 0,72, ,Z, be a martingale sequence with
—C; § Zz — Zi—l § Ci, VZ Z 1 Then
2
P(Z, > t) < —o~—n 3
(Zn 2 1) < exp 221':10?)
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Proof: Let A > 0, the following derivation based on Markov’s inequality and the identity E[X] = E[E[X|Y]].

P(Z, > t) = P(exp (AZ,) > exp (At))

< exp (—At)Elexp (AZ,,)]

= exp (=A)E[exp (AZn—1 + MZn — Zn-1))]

= exp (—M)E[Elexp (AZn—1 + N Zy — Zn—-1))|Z1, Z2y ey Zn—1]]

= exp (—At)E[exp (A Z,,—1)E[exp (M (Zy, — Zn—1))|Z1, Z2y vy Zn—1]]

N

Notice that E[N(Z,, — Z,,-1)|Z1, Za, ..., Zn—1] = 0 by definition of martingale, and —c¢,, < Z,, — Z,—1 < ¢,.
We are ready to use Conditional Hoeffding’s Lemma'

)\2(20n)2)
8

A2

= exp (T)

Elexp (MZpn — Zn—1)|Z1, Z2y ooy Zn—1] < exp (

Now we can compute the upper bound recursively as

A2
2 )Elexp (A2 1)) <

P(Z, >t) <exp(—At)exp (

A5 e2
< exp (-0 exp (=10 Efesp (120)]
2 n 2
A 221:1 G )

= exp (

Since the above inequality holds for all A > 0, we have

P(Z, > t) < inf exp (—=2=—+

2 Z?:l sz _ )\t)
A>0 2

t2

= eXP(—m)
i=1%

5.2 Online Learning

In this section we will introduce prediction with expert advice.

Example 1 (Weather report) On each round ¢ € N*
(i) N experts predict weather, x;; € {O, 1},i=1,2,--- ,N.
(ii) Algorithm listens, and predicts g, € {0,1}.

(iii) Nature reveals y, € {0,1}.

Let M, (L%) be the number of mistakes made by the algorithm (the ith expert) after ¢ rounds (i.e. M; =
ZZ=1 1[ys # ys|, Lt = Zé 1 L[@fs # ys]). Assume there exists a perfect expert, namely 3i* € {1, 2,-+-,N}
such that Li* = 0, Vt € NT. The question is: What is the best algorithm to minimize M;? What is the
upper bound on M; for a particular algorithm? The second question can be rephrased as: For a particular
algorithm, at most how many mistakes the algorithm needs to make until it finally finds the
perfect expert?

IThe proof for Conditional Hoeffding’s Lemma is similar to the proof for Hoeffding’s Lemma. Use E[|Z] instead of E[-] and
use a = f(Z), b= f(Z) + c for the lower and upper bound.
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Theorem 5.3 (Trivial Bound) M; < N —1

Proof: Let the algorithm be following the expert whose index is the smallest among those who have not yet
made mistakes. The worst case should be x;; # y; when ¢ <t and z;; =y, wheni > ¢, forall 1 <t < N —1.
In this case the algorithm will follow the wrong prediction for NV — 1 times until it finally finds the perfect
expert and stops making mistakes since then. |

Theorem 5.4 (Existence of an algorithm with Log Bound) There exists an algorithm such that My <
logy N

)

Proof: The idea is to follow the majority vote of "perfect to now” experts (Halving Algorithm). Let Cyyq
be the index set of experts who have not yet made mistakes in the first ¢ rounds. We have
C(1 = {1,2737"' 7N}
Cip1 = C\{i : zir # yi}
1
U =777 Z it
|Ct| i€Cy

Here [ - | means rounding to the nearest integer. If ﬁ > Tit = %7 we break ties arbitrarily. Observe

1€Cl
that once the algorithm made a mistake, the majority (no less than half) of ”perfect to now” experts must
made a wrong prediction. Then the number of the remaining ”perfect to now” experts in the next round
would be reduced by at least half. Mathematically, it means

|Ctl

U #ye (orsay My=M; 1 +1) = [Cipa] < N

1
= |Cia] < |C1|(§)Mt
Suppose the algorithm finds the perfect expert after round 7', that means |Cr41| < 1. Solve |C|($)M7 =1

and we get Mp = log, N. After round T the algorithm stops making mistakes and we have M, < logy N,
Vt € N*t. ]

Example 2 (Team match). For each round t =1,2,3,---

(i) Team ¢, j arrive.

(ii) The algorithm predicts i; < j; (team j wins the match) or ¢4 > j; (team ¢ wins the match).
(iii) Nature reveals winner iz or j;.

Assume there exists a correct ranking among all n teams, namely there exists a permutation IT € S, (all
permutations on [n]) such that i < j < II(i) < II(j). The questions is: What is the best algorithm?
What is its corresponding M?

Theorem 5.5 (Existence of an algorithm with Log factorial Bound) There exists an algorithm such
that My <log, (n!).

Proof: Consider each permutation as an expert prediction. Then there are total n! experts. The correct
ranking corresponds to the perfect expert. Now the result follows from using the majority vote algorithm
mentioned in the previous example. [ |

Remarks

(i) To check whether an expert makes a right prediction, we need to check whether the outcome of the
match among n teams is consistent with the permutation provided by the expert. This decision problem
requires computational efforts.

(ii) Notice that n! < n"™, so the upper bound on M; in this case is of order nlog, n.



