CS 7545: Machine Learning Theory Fall 2018

Lecture 3: Convex Analysis + Deviation Bounds
Lecturer: Jacob Abernethy Scribes: Samarth Mishra, Rithvik Pudota

Disclaimer: These notes have not been subjected to the usual scrutiny reserved for formal publications.

3.1 Convex Analysis

3.1.1 Review

Definition 3.1 (Bregman Divergence) Let f be differentiable function, the Bregman Divergence Dy is
given by
Dy(Z,9) := f(&) = f(§) = (V). Z =)

f is m-strongly convex with respect to || - || if for all &,7 € dom(f),
R m,,
Dy(#,9) > 5 |17 71

Professor notes the Bregman Divergence behaves like a ’distance’; even though it is not a metric function.

3.1.2 Fenchel Conjugates

Definition 3.2 (Fenchel Conjugate) Let f be convex function, the Fenchel conjugate f* is given as

= —

fr(0) = sup (Z,0) - f(Z)

zedom(f)
where f* is a convex function

(Exercise)
1. Let £(7) = 4713 1
78 = 5113

2. Let f(Z) = 3@+ (M), where M is positive semi-definite

wgy _ 1z
76 = 50 (M)
Proof:
[0 = sup (%6) - [(@
zedom(f)
S 1 .
= sup Z-0—-Z (MZ)
Zedom(f) 2
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Set () =70 — 17 - (MZ)
Vy(Z)=0— MZ

Since Vg(M~10) = 0, g achieves maximum at & = M~'4. As such,

PO = (M) F— (M) (MM
= (M) -0~ (M) - (6)
1o =
=58 ()

3. Let f(2) = ;|75 p>1

(@) = 1
where % + % =1

Fenchel Conjugate Properties

1. if f is differentible function that is strictly convex and smooth, then for all Z € dom(f), 6 € dom(f*)

VHVI0) =0 V(@) =&
2. if f is closed, convex function
fr=r
3. if f is differentiable function, then for all Z, ¢ € dom(f),
Dy (Z,9) = Dy-(Vf(9), VI(Z))

4. f is l-strongly convex w.r.t. || - | if and only if f* is 1-strongly smooth w.r.t. the dual norm || - ||.

3.1.3 Fenchel-Young Inequality

Theorem 3.3 Let f be function with fenchel conjugate f*, for all & € dom(f), e dom(f*)

— —

f(&) + f(0) > (Z,0)
Proof: Fix 7 € dom(f), 6 € dom(f*). Clearly,

sup  (7,0) — f(7) > (Z.0) — f(2)

gedom(f)

By the Fenchel-Young Inequality, we can attain Young’s Inequality given as

AR Qe B
Il + 1012 = (%, 0)

wherep>land%—|—%:1



Lecture 3: Convex Analysis + Deviation Bounds 3-3

3.2 Deviation Bounds

Definition 3.4 (Random Variable) A random variable is a function X : @ — R where Q is a measurable
space and the mapping to R is a probability.

Some needed concepts for this section :

e Cumulative Distribution Function(CDF) of a random variable X :

F(t) = Pr(X <t)

Assuming F is differentiable, the PDF of X is
ft)=F'(¢)
Note that b
Pra< X <b) = / f)de

Random Variables X and Y are independent if VA, B C R,
Pr(X€AandY € B)=Pr(X € A)Pr(Y € B)

The expectation of X is defined as
E[X] = / Xdu

and the variance is defined as
Var(X) = E[(X — E[X])?]

Fact : If X and Y are independent, then
E[XY] = E[X]E[Y]

(Exercise) Prove that if X and Y are independent, then
Var(X +Y) = Var(X) + Var(Y)

3.2.1 Markov Inequality

Let X be a random variable, such that X > 0, then

E
vt Pr(X >t) < %
Proof: Define
Zt = ]l[X > t] X t

where 1]] is the indicator function !
Notice that.
Vi, 7, < X
L E[X] > E[Z] = t x E[L[X > t] = t x Pr(X > t)

ﬁPr(XZt)S@

1 if statement true;

IDefining some new notation used: 1[statement] = {O if stat  false
if statement false
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3.2.2 Chebyshev’s Inequality

Let X be any random variable with bounded mean and variance. Then,

Pr(|X —pu| >to) < %2
where mean u = E[X] and variance 0? = E[(X — p)?]
Proof: Let Z = (X — u)?,
Pr(|X — p| > to) = Pr(Z > t*0?) [Since both sides of the inequality

are positive, they can be squared|

E|Z

< 1] [Using Markov’s Inequality]
202
1 .

=3 [Since E[Z] = 0]



