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Disclaimer: These notes have not been subjected to the usual scrutiny reserved for formal publications.

23.1 Review: Sauer’s Lemma

Let H be a class of binary functions with a VC dimension of d.

∏
H

(m) ≤
d∑
i=0

(
m

i

)
≤
(me
d

)d
≤ md︸ ︷︷ ︸

if d≥3∏
H

(m) = max
S⊆X
|S|=m

{x1,··· ,xm}=S

∣∣{(h(x1), · · · , h(xm)) : h ∈ H}
∣∣

This is the largest number of dichotomies that can be produced in a space X .

Proof: Let M be a matrix whose rows are unique vectors from {(h(x1), · · · , h(xm)) : h ∈ H} for a fixed
S = {x1, · · · , xm} ⊆ X

• Goal: Show that the number of rows of M ≤
∑d
i=0

(
m
i

)
• Trick: Modify M to be sparse.

– Shift column j of M such that for each row i, Mij = 1.

– Set Mij = 0 if it does not create duplicates.

• Procedure: Continue shifting columns one by one until it’s not possible to shift further.

ex) M =


0 1 0 1 1
1 0 0 1 1
1 1 1 0 1
0 1 1 0 0
0 0 0 1 0

 ⇒ M ′ =


0 1 0 0 0
0 0 0 1 1
0 0 0 0 1
0 0 0 0 0
0 0 0 1 0


• Facts:

1. M ′ has no duplicated rows

2. Given Q ⊂ [m], if ∃ row i such that M ′ij = 1 ∀j ∈ Q, then M ′ shatters Q.

– M ′ shatters Q: M ′ restricted to columns Q has all possible 2|Q| rows.

3. VC-dim(M ′) ≤ VC-dim(M) ≤ VC-dim(H)

– Specifically, if a column j is part of a shattered set Q after shifting, then Q was shattered
before as well.

Proof: Use proof by contradiction. Assume that col j is part of a shattered set Q after
shifting, but Q was not shattered before the procedure. Now rearrange the columns so it the
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columns not in Q are on the left side of column j and other columns in Q are on the right side
of column j. The procedure must have created an combination in set Q that did not exist
before by changing 1 digit from 1 to 0, assume it happened on row i column j. There must
be another row i′ that share same value as row i in set Q (otherwise changing Mij from 1
to 0 will leave its original combination in Q missing, then set Q is still not shattered), also
the 1 on row i′ cannot be changed to 0 during the procedure. Because of no duplicate rows
rule, and row i and i′ share the same value in set Q, they must have difference(s) in some
column(s) outside set Q. Also the combination in Q that row i will achieve by changing Mij

from 1 to 0 cannot exist initially(Otherwise the procedure will not create new combination in
Q). Now no rows will prevent both row i and i′ changing their col j to 0, which contradicts
the assumption.

M =



other︷︸︸︷
· · ·

j︷︸︸︷
· · ·

Q︷︸︸︷
· · ·

...
...

...
· · · 1 qi
· · · 1 q′i
...

...
...


Row

[
· · · 0 qi

]
cannot exist.

The above facts combined imply,

Number of rows in M = Number of rows in M ′

≤ Number of subsets of [m] with ≤ d elements

=

d∑
i=0

(
m

i

)

• Subclaim: VC-dim(M ′) = Largest number of 1’s in a row.

23.2 Growth Function Generalization Bound

Recap H: binary class, `(·, ·): 0− 1 loss

R(h) = E(x,y)∼D
[
`(h(x), y)

]
R̂s(h) =

1

|S|
∑

(xi,yi)∈S

`(h(xi), yi)

ERM: ĥ ← arg min
h∈H

R̂s(h)

We showed,

R(ĥ)− min
h∗∈H

R(h∗) ≤ 2 sup
h∈H

∣∣R(h)− R̂s(h)
∣∣ (23.1)

Definition 23.1 (Loss class) The loss class of hypothesis set H is defined as follow:

G := ` ◦ H := {gh(z) := `(h(x), y) : h ∈ H}
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With the definition above,

sup
h∈H

∣∣R(h)− R̂s(h)
∣∣ = sup

g∈`◦H

∣∣ E
z∼D

[g(z)]− 1

m

∑
zi∈S

g(zi)
∣∣

≤ 2 sup
g∈`◦H

Eg − Êg

≤ 4Rm(` ◦ H) +

√
log 2/δ

2m
(symmetrization)

= 4

(
1

2
Rn(H)

)
+

√
log 2/δ

2m

≤
√

2 log |A|
m

(Massart)

≤
√

2 log ΠH(m)

m

≤
√

2 logmd

m
(Sauer)

= O

(√
d logm

m

)

where Rm(H) is defined as below:

Rm(H) := E
s∼D

E
σ1···σm

[
sup
h∈H

1

m

∑
i

σih(xi)

]
= EE

[
sup

a∈{(h(x1),h(x2),··· ,h(xm)):h∈H}

1

m

∑
i

σiai

]

• Fact: For any H of VC-dim = d, ∃D ∈ ∆(x, y) such that R(ĥ)−R(h∗) ≥
√
d

m
with probability ≥ c.

Proof: First, we sample σ1, · · ·σd ∼ {−1, 1}.

x ∼ Unif(shatteredH(X )) yi =

{
1 w.p 1/2 + σ1

√
d/m

0 w.p 1/2− σ1
√
d/m

To obtain error ≤
√
d

m
, we need

1

(
√
d/m)2

· d samples.


