CS 7545: Machine Learning Theory Fall 2018

Lecture 22: Massart’s Lemma and Sauer’s Lemma
Lecturer: Jacob Abernethy Scribes: Daniel Barg, Hongzhao Guan

Disclaimer: These notes have not been subjected to the usual scrutiny reserved for formal publications.

We are continuing towards proving a bound for the testing error of classes of binary functions, and today
we proved two important lemmas towards that goal.

22.1 Review and Notation

e Input Space X

e Label Space Y : {—1,1}.

e Class of Function H: X —= Y
e Distribution D € A(X x )

e Prediction Space )’

e Loss Function £ : Y’ xY — R

e Risk R(h) = (I’END[K(h(x),y)]

Wt

e Empirical Risk: R,,(h) = E(h(xi),yi)

1
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e Given a dataset {(z1,y1), ., (Tm,Ym)}

e Empirical Risk Minimization (ERM) h = arg hml% Ry (h)
€

e Fact R(h) — i R(h*) <2 sup [R(h) R (h)]
* heH

e Let G be a class of binary function, give a distribution p on X

. 1
Elg] = E [g(z)], Es[g] = — > g(x;) where S ~ p™ and |S| =m
T~p |8| X;eS

N 1
Fact sup E[g] — Es[g] < 2- E sup — Y o;9(x;)
geg Tl Zm~P | geg T

Definition 22.1 (Growth Function) The growth function Ilg(m) of class G is the following:

somax {g(z1), ., 9(xm) : g € G}

Definition 22.2 (VC-dimension)

VCD(G) = max{m|llg(m) = 2"}
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22.2 Massart’s Lemma

Theorem 22.3 (Massart’s Lemma) Let A C R™, max llalla < r, then:
ac

r/21
[bungl } < TV2log ||

acA MM m

2log |A]

m

Note:when A < 0,1™ = r < /m, right hand side becomes

Proof:
(Hint: this is essentially Hoeffding)

exp (/\ [sup Zazal >V)\ >0

acA

IN
=

r m 1
exp [ Asup Z o;a; By Jensen’s
Tlyeeny Om L CLEA ]

= E
B sup exp <)\ Z Ulal)_

[ ae A i—1

- exp ()\ Jza2>
= Zal,E

)U‘"L

IN
=

H exp(A-o; - ai)} Since the o;’s are IID

acA i=1
= ZH IE {exp)\ o; - ai)}
acAi=1 o
m A“ - 2(11‘ 2
< ZH E exp(L) Because of Hoeffding’s Lemma
" 0144490 m 8
acAi=1
P
= Sew(3 1)
acA i=1

< )‘j 2
< | Al -exp 57

Set:

Now, the bound follows.
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22.3 Sauer’s Lemma

Theorem 22.4 (Sauer’s Lemma)

ven@)
I < < e VCD(G)
g(m) < ; <z> <c-m
Proof: [Proof of the second inequality]
Since,
k
n ne
<
() =)

Then

m 4. me d
()= (T)=em
|
Proof: [Proof of the first inequality]
Given sample § = x1, ..., Ty, let M be a matrix whose rows are unique elements of {(g(z1),...,9(zm)) : g €
G}, we want to bound number of rows of M, since the upper bound is IIg(m). The problem is that it is hard
to analyze this matrix M. To aid in the analysis, we modify M to a matrix M’, which we define as follow:

For j=1,....,m
For row i=1,..., number of rows of M
if M;; =0: do nothing
if M;;=1: M;; <0, only if it does not duplicate another row

Call the matrix you get at the end of these operations M’. Here is an example of the shifting process :

01 0 11 0 1 0 0O
1 0 0 1 1 0 0011
M=]1110 1|=M=(0 00 01
01 100 0 00 0O
0 0010 0 0010

Now, we make the following claims :

(1) M’ has unique rows.
Why? By the definition of our shifting process, we do not create duplicates.
(2) If, in row 4, there are k columns ji, j2,...,jk € [m] such that for M]; = ... = M/, =1, then M’

shatters these columns. Shattering columns means that all the dichotomies of length k are generated
in the rows of the chosen columns. For example, the last 2 columns of M’ are shattered.

Why? If, in our chosen subset of columns, there is a row of all 1’s, it means that we were unable to
shift these 1’s down. In other words, any dichotomy with (k — 1) ones and 1 zero already exists within
the columns, and continuing this logic, every dichotomy of length & exists within these columns.

(3) VCD(M') < VCD(M) < VCD(G), where VCD of a matrix is the maximum number of shattered

columns.

Why? Assigned as an exercise.
Together, (1)4(2)+(3) imply that that:

VCD(9)

num rows of M = num rows of M’ < num subsets of [m] of size less than or equal to VCD(G) = E (m)
i
i=0
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This is true since we just need to count how many ways we can have k ones in a row of M’, which has m
columns. We cannot have more ones (shatter more columns) than VCD(G) by definition of our matrices,
and counting the number of ones is equivalent to counting subsets. Since this bound is independent of the
matrix M, we have established a bound for IIg(m). [ |



