CS 7545: Machine Learning Theory Fall 2018

Lecture 2: Convex Analysis
Lecturer: Jacob Abernethy Scribes: Haodong Sun, Kun Zheng

Disclaimer: These notes have not been subjected to the usual scrutiny reserved for formal publications.

Main Content

Review Norm and Inequality

Lipschitz function

Convexity (strong convexity, smoothness)

Bregman divergence

Fenchel conjugate

2.1 Review Norm and Inequality

e Definition 2.1 (norm) |- | is a norm on R™ if
— 7| >0 VZeR®
—|IZ|=0 < =0
— 12+ < ||Z|| + |7]| (triangular inequality)

Definition 2.2 (dual norm) The dual norm || - ||, on R™ is

17l = sup 'y
&)z =1

(Exercise)
o 7] = [1Zll2 = (3, 23)"2 = [l = 172

12} = N2l = (3; )V = 17l = Iglly  where § + ¢ =1

K3

Theorem 2.3 (Hélder’s inequality) For any %, € R", any norm || - ||, |27 7|1 < |Z]|]|7]l«

Proof: If £ =0, it’s trivial. Assume that & # 0: Let @ = ﬁ, ||| = 1.

By definition of dual norm,
-

8
<y

17 = @5 =

|7l

Theorem 2.4 (Cauchy-Schwarz inequality)

ST o = N . 1 1
127G < (&2l de Dzl < O aD)2(O wi)?
i i 7

Proof:
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1. Apply Holder’s inequality with || - || :== || - ||, = || - ||2-
2. Direct proof:
1
Qe v — O miw)® = 3 D (@iys —a:)° >0
i i i ij

2.2 Lipchitz Function

e Definition 2.5 (gradient) Let f : R" — R"™ be a differentiable function. The gradient of f at
Z € R™ is the vector of partial derivatives:

Of (=
oL(@)
V(@)= : € R"
L (2)
e.g.
R R .
f(x)zaa: Mz (M =M~
V@) =Mz
Vif(&) =M
e Definition 2.6 (Hessian) The Hessian of f at & € R™ is the symmetric matriz of second partial
derivatives: o o
879:%(_’) T 0x10xn, (f)
V(@) = : 5 :
@ 2@

_oFr _ _of
where Ox;0x; — Ox;0x; "

e Definition 2.7 (L-Lipschitz) A function f: R™ — R is L-Lipschitz (for some L > 0) with respect
to ||| +f
1f(@) = fWI < L|Z—-gl, v&yeR"

(f grows at most linearly)

e Theorem 2.8
If f is differentiable: fis L-Lipschitz <— ||V f(Z)|. <L, VZeR"
Proof:

”=" Suppose f is L-Lipschitz. The directional derivative of f at ©* along direction u is

h—0 h

< lim L|Z + hit — Z|
h—0 h

= Li|a]|

By the definition of dual norm, we have ||V f(Z)|,. < L.
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7<= Suppose |V f(Z)|lx < L. For any x,y, by the mean value theorem, there exists t € [0, 1], s.t.

F@) = F@) + VItE+ (1 - 0)§) (& —7)
then by Holder’s inequality we have
[f(@) = f@) = IVftE+ 1 - " (@D

< IVFEZE+ (1 = O)7)|]1Z = 7l
< L||Z -4l

2.3 Convexity

In this section, the lecturer introduced firstly the concept of convex set and three ways to define a convex
function. Following the definition of convex function are definition of strongly convex and strongly smooth,
accompanied with a simple example of quadratic function.

The definition of convex set and convex function come at first:

e Definition 2.9 (convex set) A set U € R" is convex if for any &, € U and any t € [0,1],

tt+ (1 —t)yeU.

e Definition 2.10 (convex function) A function f : Z — R is convex function if for any Z,¥ and
any t € [0,1],
ftE+ (1= )7) <tf(@) + 1 —t)f(9)

e Definition 2.11 (convex function) If f is differentiable, then f is convex function if and only if
for any T,y € dom(f),
F@ > f@)+ VD (@ -9

e Definition 2.12 (convex function) If f is twice-differentiable, then f is convex function if and
only if for any & € dom(f),
V2f(@) >0

The following are some properties of convex function

e If f is convex, then it satisfies the Jensen’s inequality: For any random variable Z € domf, E[f(Z)] >

f(E[E).

e If g(Z,7) is convex in & (for example: g(Z,y) = ||Z||* — ||7]|?), then fi(Z) = Ezg(Z,y)] and fo(T) =
sup; g(Z, ¢) are both convex.

Here comes the definition of strongly convex and strongly smooth.
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e Definition 2.13 (strongly convex) A differentiable function f is m-strongly conve if there exists
m > 0 such that for any &,y € domf,

@) = £(§) + VI @) + S llE -1

If f is also twice differentiable, then f is m-strongly convez if and only if V2 f(F) > mlI, where I is
the identity matrix.
Intuition: f always has a quadratic lower bound and the function grows at least quadratically.

e Definition 2.14 (strongly smooth) A differentiable function f isl-strongly smooth if there exists
I > 0 such that for any ¥,y € domf,

F(@) < F@) + V@)@~ + 4 llF -7

If f is also twice differentiable, then f is l-strongly smooth if and only if V2 f(Z) < II, where I is
the identity matriz. Intuition: f always has a quadratic upper bound and the function grows at most
quadratically.

e Example 1: Here is a special example of quadratic function f(Z) = $||Z||%. Because we have V2 f(Z) =

I, the function is both 1-strongly convex and 1—strongly smooth.

e Example 2: Here is another example of f(Z) = 2T M#, which has second derivative as V2 f(Z) = M.
Since Apin (M)I < M < Aoz (M)I, the function is Ay (M)-strongly smooth and A, (M)-strongly
convex.

2.4 Bregman Divergence

The section gives an introduction to Bregman divergence. In the class, several properties of Bregman diver-
gence were also discussed accompanied with examples as is needed.

First comes the definition of Bregman divergence:

e Definition 2.15 (Bregman divergence) Let f : R* — R be a differentiable function, then the
Bregman divergence is a mapping function Dy : R" x R" — R given by,

Dy(Z,9) = f(T) — f() = V) (T~ 7).
Then comes 3 example of Bregman divergence:

e Example 1: When f(Z) = 1||Z||3, then D(Z,§) = $||Z — §1[3.

1
2
e Example 2: When f(Z) = 1&" M, Dy(Z, ) = 3(Z — §) " M(Z — §).

e Example 3 (Kullbeck-Lesiblez divergence): When f(p) = >\, p;logp;, Ds(p,q) = >, pilog B
In this case, the Bregman divergence here is also called Kullbeck-Lesiblez divergence, or K-L
divergence.

The following are some important properties of Bregman divergence:
e Property 1: If f is convex, then for any #,§ € domf, D;(Z,3) > 0.
e Property 2: for any & € domf, D (Z,Z}) = 0.

e Property 3: In general, D;(Z,¥) # D (¥, Z).
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Property 4: If f is m-strongly convex, then D¢ (Z, ) > 2||Z — ¢]|? for any &, 7 € dom/.

||Z — ¢]|? for any Z, ¥ € domf.

Property 5: If f is [-strongly smooth, then D¢ (Z,y) < %

Property 6: If f is m-strongly convex, then ||V f(Z) — Vf()|| > m||Z — 7]|.

Property 7: If f is convex and [-strongly smooth, then ||V f(Z) — Vf(9)|| < ||Z — ¢]|. That is to say,
V f is I-Lipschitz continuous.



