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1 Markov Decision Process (MDP)

A typical MDP has the following elements:
e A set S of states;

e Initial state sq;

A set of actions A;

state s and action a, i.e., s’ = §(s,a).

s and action a, i.e., ' = r(s,a).

Transition probability Pr[s’|s,a]; If there is no randomness, then s’ is a function of current

Reward probability Pr[r'|s, a]. If there is no randomness, then »’ is a function of current state

A policy 7 : S — A is a mapping from the state space S to the action space A.
For finite horizon setting, under policy m, the overall reward up to time 7' is

T
> (s, w(se).

t=0

For infinite horizon setting, the overall reward under policy 7 is defined as

S Atr(se,w(se)),
t=0

where v is a parameter.

2 Policy Value

For finite horizon setting, the value of a policy 7 is defined as

T
Va(s) =E [Z r(se, m(se))|s0 = 8] .

t=0

For infinite horizon setting, the value of a policy 7 is
o0
Vi(s) =E lz v (s, m(s¢e))|s0 = s] :
t=0

3 Bellman Equation

Theorem 3.1 (Bellman Equation).

Va(S) =E[r(s,m(s)] +7v > Pr[s|s, m(s)]Va(s'),Vs' € S.
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Proof.
Va(s)=E Z’ytr(st,w(stmso = s]
t=0
=E[r(s,7(s)] + 1B | D77 (se41, 7(5041) |0 = 81
Lt=0

[ oo
=E[r(s,m(s))] +~E Z’yt ZT(St+1,7T(St+1))|So =s5,81 =8| Pr[s; = s'|so = 3]
=0

s’/

=E[r(s,7(s))] +1E Z Z’ytr(st+1,ﬂ(st+1))|51 = s'] Pr(s; = §'|sp = $]

L s’ t=0

=E[r(s,m(s))] +~ Z Vi (s") Prls'|s, m(s)].

Theorem 3.2. For a finite MDP, Bellman Equation has a unique solution.
Sketch of proof. For finite MDP, Bellman Equation can be expressed as
V=R+~PV,

where P is the transition probability matrix. Since ||P||e = 1, ||vP|lc < 1 as v < 1, thus I — P
is invertible. The unique solution for V is

V=(-~P)" 'R

4 Optimal Policy
7* is optimal if it has maximal value of V,.(s),Vs € S, i.e., for any s € S,

Ve (8) = max Vi (s).

mell

5 Q Function
Qr(s,a) =E[r(s,a)] +~ Z Pr[s’|s, a]Vy(s")

s'eS

For optimal policy:

Qi (s,a) =Elr(s,a)] +v Y Pr[s'|s,aVy7(s)

s'esS
where V*(s) = mazq,ecaQ" (s, a)

6 Value Iteration

We know transition Pr[s’|s,a],r(s,a), to optimize value:

Claim 6.1. If ¢ is y-Lipschitz in || - ||oo, |00 — &v|loo < YU — V|oo, where ¢ is from state s, and
a*(s), which is the best action of the state from current knowledge.
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1: V<V
2: while ||V — ¢yl > F52e do
3.V 4 ¢y, where ¢y (s) = maxqea(E[r(s,a)] + 7>, cq Pr[s’]s,a]V(s"))
4: end while
5: return V
Proof.

v (s) = du(s) < dv(s) = (Elr(s,a™(s))] +7 Y Pr[s'|s,a”(s)]U(s")

s'eS
=7 Prls'ls,a"(s)(V(s) = U(s")
s'eS
<Y Prsls,a*(s)][|[V = Ulloo
s'esS
<AV = Ullso
O
Theorem 6.2. For any Vy, value iteration converges to V*
Proof. We know Vx = ¢(Vx), and Vi1, = ¢(V})
V" = Visilloo = [|0(VF) = 6(Ve)lloo <AV™ = Villoo
<AV = Vollo
Since v < 1
Hm [[V* = Vigalleo =0
t—o00
So we know it will always converge. Now we want to find the bound.

V" = Visalloo = ll0(V") = ¢(Vig1) + ¢(Vegr) — (Vi) lloo
<|lo(V") = d(Vit1)lloo + [[8(Vir1) — ¢(V)lloo
<AV = Visalloo +7Vir1 — Valloo

1—
IV = Veslloo < [Vt = Villoo
Assume [|V* = Viiiloeo > €
1-— 1-—
—Le< V" = Venlloo <[Vt = Villoo
Y v
<l¢(Vo) = Volloo
Set ¢ = m, since it’s not dependent on €
ce <t
(Tyr<t
y ce
t < O(log(-))
€
O
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