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Lecture 1: UCB algorithm
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Disclaimer: These notes have not been subjected to the usual scrutiny reserved for formal publications.

16.1 UCB Algorithm

Problem Setting
There are K arms.

Arm ¢ has distribution D; € A([0,1]) with mean pu;.
At time ¢, payoff X! ~ D,.

Fort=1,---,T:

Algorithm pulls arm i, € [K].

Algorithm receives/observes X/ .

Definition 16.1 (expected regret) The expected regret at time T is

T
E[Regrety] := Ealgo {Z Lhix — [t } where i* = arg 12[2}3{] -
3
t=1

Definition 16.2 (performance gap) The performance gap is fori=1,--- | K

Aj = i —

Algorithm 1 UCB

1: fort =1 to K do
2: Pull ’L't =t
3: end for
4. for t > K do
t—1
5. Ni=>._ 1tll[zs = 1]
6: i:NtZ X1y =1
7 i = arg maxX;e|[x| [Nz‘ + 10g2(]\2[§5)
8: end for

Theorem 16.3 Regret Bound:

logT
E[Regrety(UCB)] = O(Y Oi )
it b
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Proof: By Hoeffding’s inequality:

Pr (|%iXif,u| >t> < Pr (%iXi7u>t) +Pr( ZX < —t) ) < 2exp(—2nt?) = 4.
i=1 =1

Take 2nt? = log %. Then t = 4/ %. Thus,
1 « log(2/4)
— - < 6.
Pr(|n;Xl ul > =2 )<o

WLOG, assume ¢* = 1. Consider two events at time ¢.

(Al 10g2/5
2N
log2/6

A2) ot < .

( ) — /’("Lt + QNZ}

Let & = 1[(A1) or (A2) fails]. Then
Pr(& = 1) < Pr((Al) fails) + Pr((A2) fails) < 26.

If both (A1) and (A2) hold, then

log(2/0) als-, _ [log(2/8) (A0 log(2/0)
< b < g, +2
2Nt = M PR e VT
and consequently
log(2/6) . log(2/4)
1 — g, <2 2Nitt (e, <2 2Nitt )

Claim: on round ¢, the regret is bounded by

&i(cost paid if Al or A2 fail) + 2 1025\2”/5) (cost paid if A1 and A2 hold).
Define K N
> 5 [log(2 5
B(N) = ®(Ny, -, Ng) =2 Y /222 g /
k=2n=1
¢ log(2/0)
E[Regy (UCB)] = Zm wi) SELY (& +2¢/ o))
t=1 tt

IE[Z &+ IE[Z SN — &(N1)]

276 + E[@(thfl) — ®(0)]
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16-2



Lecture 1: UCB algorithm 16-3

Claim: We only need to consider N} <

N* = [%]1:1,...,k. Then

21%(3/6). 1 Only need to look at Nt < [21%(22/6)]1-:17“,7,6. Denote

i i

21o0g(2/8)

K A7 K
:2; Z:l \/1og§i/5)g\/log 2/6) Z 2log 2/5)_410 (2/5) Z; 1

where the first inequality uses Y _ \[ fl \[ < 2y/x. Let 6 = 2T, then

’L

E[Regr(UCB)] < 1+ 4log(4T) Ai

n
=2

t o log(2/6)
Ni, > 2

(A1) A% (A2)
1Otherwise, we have ot % >0 p1 = pay + Ay > Wi, +2 /loi(vﬂ > g, + /1051(\]72,,/6), which leads to
it it

contradiction, as i is selected by the algorithm instead of ;.



