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16.1 UCB Algorithm

Problem Setting

There are K arms.

Arm i has distribution Di ∈ ∆([0, 1]) with mean µi.

At time t, payoff Xt
i ∼ Di.

For t = 1, · · · , T :

Algorithm pulls arm it ∈ [K].

Algorithm receives/observes Xt
it

.

Definition 16.1 (expected regret) The expected regret at time T is

E[RegretT ] := Ealgo

[ T∑
t=1

(µi∗ − µit)
]
, where i∗ = arg max

i∈[K]
µi.

Definition 16.2 (performance gap) The performance gap is for i = 1, · · · ,K

∆i := µi∗ − µi.

Algorithm 1 UCB

1: for t = 1 to K do
2: Pull it = t
3: end for
4: for t > K do
5: N t

i =
∑t−1
s=1 1[is = i]

6: µ̂ti = 1
Nti

∑t−1
s=1X

s
i 1[is = i]

7: it = arg maxi∈[K]

[
µ̂ti +

√
log(2/δ)

2Nti

]
8: end for

Theorem 16.3 Regret Bound:

E[RegretT (UCB)] = O(
∑
i 6=i∗

log T

∆i
)

16-1



Lecture 1: UCB algorithm 16-2

Proof: By Hoeffding’s inequality:

Pr
(
| 1
n

n∑
i=1

Xi − µ| > t
)
≤ Pr

( 1

n

n∑
i=1

Xi − µ > t
)

+ Pr
( 1

n

n∑
i=1

Xi − µ < −t)
)
≤ 2 exp(−2nt2) = δ.

Take 2nt2 = log 2
δ . Then t =

√
log(2/δ)

2n . Thus,

Pr
(
| 1
n

n∑
i=1

Xi − µ| >
√

log(2/δ)

2n

)
≤ δ.

WLOG, assume i∗ = 1. Consider two events at time t.

(A1) µ1 ≤ µ̂t1 +

√
log 2/δ

2N t
1

.

(A2) µ̂tit ≤ µit +

√
log 2/δ

2N t
it

.

Let ξt = 1[(A1) or (A2) fails]. Then

Pr(ξt = 1) ≤ Pr((A1) fails) + Pr((A2) fails) ≤ 2δ.

If both (A1) and (A2) hold, then

µ1

(A1)

≤ µ̂t1 +

√
log(2/δ)

2N t
1

alg.

≤ µ̂tit +

√
log(2/δ)

2N t
it

(A20

≤ µit + 2

√
log(2/δ)

2N t
it

,

and consequently

µ1 − µit ≤ 2

√
log(2/δ)

2N t
it

.(i.e.∆it ≤ 2

√
log(2/δ)

2N t
it

)

Claim: on round t, the regret is bounded by

ξt(cost paid if A1 or A2 fail) + 2

√
log(2/δ)

2N t
it

(cost paid if A1 and A2 hold).

Define

Φ( ~N) := Φ(N1, · · · , NK) = 2

K∑
k=2

Nk∑
n=1

√
log(2/δ)

2n
.

E[RegT (UCB)] := E[

T∑
t=1

µ1 − µit ] ≤ E[

T∑
t=1

(
ξt + 2

√
log(2/δ)

2N t
it

)
]

= E[

T∑
t=1

ξt] + E[

T∑
t=1

Φ( ~N t+1)− Φ( ~N t)]

≤ 2Tδ + E[Φ( ~N t+1)− Φ(~0)]
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Claim: We only need to consider N t
i ≤

2 log(2/δ)
∆2
i

. 1 Only need to look at ~N t ≤ [ 2 log(2/δ)
∆2
i

]i=1,··· ,k. Denote

N∗ = [ log(2/δ)
2∆2

i
]i=1,··· ,k. Then

Φ(N∗) = 2

K∑
i=2

2 log(2/δ)

∆2
i∑

n=1

√
log(2/δ)

2n
≤
√

log(2/δ)

2

K∑
i=2

4

√
2 log(2/δ)

∆2
i

= 4 log(2/δ)

K∑
i=2

1

∆i

where the first inequality uses
∑x
n=1

√
1
n ≤

∫ x
1

√
1
n ≤ 2

√
x. Let δ = 1

2T , then

E[RegT (UCB)] ≤ 1 + 4 log(4T )

n∑
i=2

1

∆i

1Otherwise, we have µ̂t1 +

√
log(2/δ)

2Nti

(A1)
> µ1 = µit + ∆it

Ntit
>

log(2/δ)

∆2
it

> µit + 2

√
log(2/δ)

2Ntit

(A2)

≥ µ̂it +

√
log(2/δ)

2Ntit
, which leads to

contradiction, as it is selected by the algorithm instead of i1.


