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Disclaimer: These notes have not been subjected to the usual scrutiny reserved for formal publications.

15.1 Recap

In the last lecture we analyzed EXP3 algorithm for the case of adversarial multi-armed bandits. In the
multi-armed bandit setting, the algorithm pays out lﬁt, only for the action that was taken. In an adversarial
setting, the unobserved pay out vector I* is chosen arbitrarily but fixed in advance. In this lecture we
introduce the setting of stochastic multi-armed bandits where the pay out vector I* is drawn from an i.i.d
distribution across time.

15.2 Stochastic Bandits

15.2.1 Setting
Fort=1...T

e Alg plays i; € [K]

e Alg earns/observes X/

where there are K possible choices for arms at time t and the chosen arm i pays X! ~ D;
Note that the distributions for any 2 arms, ¢ and j, D; # D;,Vi # j. Also, X} is independent of Xfl,Vt £t
Hence the name stochastic setting.

In this setting, the best arm 4 is the one that minimizes u; = E [X]. This is different from previous
XeD;

lecture’s adversarial setting because of the stochastic nature of X.
The regret in the stochastic setting is defined as

T
Reg, := pi-T — Y X/ (15.1)
t=1

where ¢* = arg max ;. The first term is deterministic while the second term is random. Hence an
expectation needs to be taken across arms.

15.2.2 Warm-up Problem : Two coin problem

Consider two coins, the first a fair coin while the second a weighted coin. The distributions of the outputs
of both the coins are shown below.

O(Heads) ,with probability 1/2
1(Tails) ,with probability 1/2

O(Heads) ,with probability 1/2 — €
1(Tails) ,with probability 1/2 + €

15-1
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Algorithm chooses coin 1 or 2 in each round. Let T be the total number of coin tosses, N7 be the total
number of times coin 1 was played and N> be the total number of times coin 2 was played. We find the
regret according to Eq.15.1

By inspection, the best coin, i.e the arm with highest probability of occurance, is coin 2. Therefore,

i = (% + e). Hence, the first term in Eq.15.1 is given by T(% + e).

The second term over both the arms is,

No. of times played on coin 1 x u1 + (T — No. of times played on coin 1) X us

1 1
Ny x =+ (T =N (7 )
1><2+( 1)2+€

Combining both the terms, the regret is given by,

1 1 1
RegT—T(§+6> —N; x §+(T—N1)<§+e) (15.2)
Regr = Nie (15.3)

Intuitively, the regret of the above problem is given by : How many times you played wrong arm x How
much you lose.

15.3 e-Greedy Algorithm

The above scenario assumed that the distributions Dy and Dy were provided. This is not always the case.
We find the distribution by using the e-greedy algorithm. The full algorithm is given below.

Algorithm 1: e-GREEDY ALGORITHM

fort=1,...,mdo
L Play arm 1
fin = o 2 X
fort=14+m,...,2m do
Play arm 2
. 2
/"LQ = % Zt:m—‘,—l X%
For the remainder of game,

fort=2m+1,...,T do
| Play ¢, = arg max i,

The first two stages from ¢t = 1,...,2m are exploration stages and the last stage until T, is called
exploitation.

15.3.1 Regret Analysis

During exploration, we play the correct arm m times and wrong arm m times. Hence in Eq.15.1, the first
term is,

wixT = me
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The second term is given by (T — 2m)x (The probability that arg max was wrong in the exploration stage).

m 2m
1 1
Pr(arg max,,, ., ) = Pr(— g Xi> = E X;)
m m
t=1 t=m-+1

m 2m
1
Pr(arg max,,,..,,,) = Pr( E X{ - E X5 > O) ... Taking out —
m
t=1

t=m-+1

In order to zero centre the random variables, we add —7 and (% +me) to both LHS and RHS to obtain,

m 2m
1 1
Pr(arg max,,,.,,,,) = Pr( E (Xf - 5) - E (X; —5~ e) > me)
t=1 t=m+1

Let (Xf — %) be z; and (X§ -1- e) be zp. The expectations of both these RVs is 0 and their range width

is 1. Therefore,

2m
Pr( Z 2 > me)
t=1

2m 2
Pr(Zzt > me) < exp( —2 X (me)
t=1

) ... By Hoeffding’s Inequality
2m

= e:vp( — meQ)

By setting m = logi#, the RHS reduces to 6. Hence second term in Eq.15.1 is (T —2m)d. Combining both
the first and second terms, the expected regret is given by,

E[Regy] < me+ (T —2m)d

log(1/6
E[Regr] < Me + (T —2m)J ... Substituting for m
€

log T 1
E[Regr] < 09 il Taking § = T and ignoring the -2m term
€

Because of the % factor in the denominator, this algorithm works well only for a large value of €. If € gets
smaller, E[Reg] becomes bigger. Usually, it takes E% coin tosses to obtain good distributions. This is because

N E

15.4 The Upper Confidence Bound Algorithm

There are two limitations to the e—greedy algorithm:
e requires that we know € in advance.
e only good for two arms.

What can we do in a more general setting, either when we don’t have € or have more than two arms? We
will outline the Upper Confidence Bound (UCB) Algorithm (2002, Auer, Cesa-Bianchi, and Fischer), which
we will analyze in more detail in the next lecture.
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Setting
e We have k arms and each arm ¢ has distribution D; € A[O,l] with mean p;
e At each timestep ¢, the algorithm plays an arm i* € [k] and recieves payoff X! ~ D,
e We define the best arm ¢* as i* = arg max;c(x) i
e We define expected regret at time T as

T
E[RegretT] = Earms, alg{Z(Mz’* - /,l/it)j|

t=1

Algorithm 2: UpPER CONFIDENCE BOUND
fort=1,...,k do
| pull it =t
for ¢t > k do
N{ = 22;11 1_[is:i]
= Y
log(T)

it ot
1 = argmaX;ci fb; + SNT
T

The second term 10%? ) is called the “exploration bonus,” which incentivizes us to play unexplored arms.

As N} increases, the term goes to 0, and thus the incentive decreases as our confidence interval for arm i
narrows.

In the next lecture, we will show that the UCB algorithm achieves

log (T
E[Regret;] < d Z %,
i g

where A; = puf — ;.



