CS 7545: Machine Learning Theory Fall 2018

Lecture 14: Multi-armed Bandit + EXP3
Lecturer: Jacob Abernethy Scribes: Ting Gu, Zhanzhan Zhao

Disclaimer: These notes have not been subjected to the usual scrutiny reserved for formal publications.

14.1 Multi-armed Bandit Problem

14.1.1 Bandit Setting

Imagine you have a slot machine with multiple arms you can pull. The arms give you reward, but you do
not know ahead of time which arm is the best one. You will get feedback from the arm you pulled, but you
do not get feedback from arms you did not pull.

e Expert setting: full information feedback!

You pick one or a combination of expert each round, but at the end you get to see the full loss vector.
In hindsight, you can always compute the performance alternatives, which is standard machine learning
setting.

e Bandit setting: feedback limited to chosen action.

Your feedback is limited to the action took. You do not know what would have happened if you took
another action, which is more like life.

14.1.2 Protocol

You have n actions/arms
Fort=1,...T:

o Algorithm selects (usually randomly, but does not have to) i; € [n].
e Nature reveals £; from unobserved vector ¢* € [0,1]".
e Algorithm pays £} .

e Algorithm updates accordingly.

14.1.3 Two standard settings:

o Adversarial: ¢! chosen arbitrarily, but fixed in advance (discussed in this lecture)

e Stochastic: ¢t 2P D

14.2 The EXP3 Algorithm

The Exp3 Algorithm (2002, Auer, Cesa-Bianchi, Freund, and Schapire) was invented to solve multi-armed
bandit problem. It initially proves Reg; = O(T'3), later proves Reg, = O(T2). It is basically EWA but
with one little trick to handle limited information.
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Extension
e Bandit OLO(Online Linear Optimization): AHR ’08 efficient vn?T.
e Bandit OCO(Online Convex Optimization): BE '16 efficient n'¢v/T.

Key trick unbiased estimation from 1 point
e Let iy ~ p', observe £; (but not the rest of the £").
e Estimate ¢t = (0,...0 f;—t{, 0...0) (ﬁ—j{ is at the I-th coordinate if i; = I, 0 everywhere else).
I I
So

I~py

 Nm 0
E [0) = Prlis=illy =»_p(0,..0, }7;,0, .0) = ¢t
i=1 i=1 ?

Algorithm 1 The EXP3 Algorithm
Set w}=1fori=1,...,n

fort =1, "}T do

t _ w
P = Twfl

Sample i; ~ p
Observe £,

Estimate ¢t = (0,...0, %,O...O)

Update w!*! = w! exp(—nft) (for i = 1,...,n, but actually only updates 1 coordinate)
end for

Facts
e Previously we have e5* <1+ (e* — 1)z x €[0,1]

2
e Now we have e™® <1 -1+ % x>0

Theorem 14.1 E [23:1 % — min;ep, Zle < logn 1Tn

Alg randomness -

Corollary 14.2 ifn =/ 217‘35", E[Regr] < v/2Tnlogn

It is not surprising that the regret is worse than the expert setting. Because you have to spend more
time to inspect each arm.

There is a lower bound E[Regy] > 2v/nT(Bubeck et al '09).

Abernethy et al '15 further tightened the bound of EXP3 Algorithm by using Tsallis entropy.

t N t
argming } (*-p+ Y _pilogps = pi = exp(=n) )/
s=1

i=1 s=1

By replacing the Shannon entropy with Tsallis entropy to drop the y/logn term.

1 N
S(a) = m(l - sz‘)
i=1
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Proof: Let &, = —% log(3-7, wh).
Observe that

i wf»“) _ 1 log(Z?zl w} exp (—nt})
n n
D Wi n D i1 WY

1 A
= —5 log Erpt [eXP (—77@)]

1
Dy — P = —;bg(

1 o Lo
> = log Erpe[1 — nlh + 5(7753)2]

1 o 1.5

Y

1 A 1 .
“Epopt [l — = (nlt)?
nlp[nI 2(771)]

S st TSy
i=1 i=1

_tpe M 0 ptN\2
=pt —izpi(@)v

i=1
where p' = [p} ... p4]T, and £* = [¢} ... 2]. Recall that B, [f*] = ¢'.

Therefore

n
. . ~ n p . .
Eiympt [@r1 = Pilin, ooy ip—1] > Eipope [ — 3 E P iv, oy a
i=1

n 14
=Pl =SB [PE(E)Q]

bt N e e
=p't =3 pllph(=)’]
2 i=1 P
> ptpt _ 77”.
zpl =
Hence, (It follows from Law of total Expectation that E[g(Y)] = E[E(g(Y)|X)])

T
Eiwpt [‘I)TH - ‘1)1] = Ez‘wpt [Z Dyyq — ‘I)t]
t=1

T
- Eitwpt [Z ]Eitht [®t+1 — q)t"ljl, ...,’L'tfl]]
t=1
T
T
>E; ]S ptet] -2
= Liyp [tz::lp ] B)

E—loss of EXP3
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T
it =exp[-n ) 4]

t=1

1 . 1
SOy = _5log(z wi ) < ~ log w] +*
i=1

T
1 . .
< - log(exp EONAEDIH

T
- ~ logn
Byt [0 — @) <Y 00— @y <Y 0t 4 25
t=1 t=1 N
Putting all together, it follows that
d ey T 5 o logn
Ei,~pt [ZP ] - N < Eijpmpt [Pr41 — §1] < Z S ;
t=1 t=1 g
a . logn  ynT
B, mopt [prgf] - Z HES n 5
t=1 t=1

We choose 1 = 4/ 21;7% % then it follows from Corollary 14.2 that

E[Reg(EXP3)] < v/2Tnlogn



